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Abstract
In this short note we give a characterization of ZM-groups that
uses the functions defined and studied in [3, 4]. This leads to a proof
of Conjecture 6 in [4].
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1 Introduction
Given a finite group G, we consider the functions
ϕ(G) = |{a ∈ G | o(a) = exp(G)}| and S(G) =
∑
H≤G
ϕ(H).
The class of finite groups G for which S(G) = |G| has been partially deter-
mined in [4]. We are now able to complete this study by proving the following
result.
Theorem 1.1. Let G be a finite group. Then S(G) ≥ |G|, and we have
equality if and only if G is a ZM-group, i.e. a group with all Sylow subgroups
cyclic.
In particular, since a ZM-group is nilpotent if and only if it is cyclic, we
obtain the result in Conjecture 6 of [4].
Corollary 1.2. Let G be a finite nilpotent group. Then S(G) ≥ |G|, and we
have equality if and only if G is cyclic.
1
2 Proof of Theorem 1.1
Let C(G) be the poset of cyclic subgroups of G. For every divisor d of |G|
we denote by nd the number of cyclic subgroups of order d of G and by n
′
d
the number of elements of order d in G. Then we have
n′d = ndϕ(d)
because a cyclic subgroup of order d contains ϕ(d) elements of order d. One
obtains
S(G) ≥
∑
H∈C(G)
ϕ(H) =
∑
H∈C(G)
ϕ(|H|) =
∑
d | |G|
ndϕ(d) =
∑
d | |G|
n′d = |G|,
as desired.
Assume now that S(G) = |G|. Then ϕ(H) = 0 for all non-cyclic sub-
groups H of G. Since for any p-group P we have ϕ(P ) 6= 0 (see [3]), it
follows that all Sylow subgroups of G are cyclic, that is G is a ZM-group.
Conversely, assume that G is a ZM-group. By [2] such a group is of type
ZM(m,n, r) = 〈a, b | am = bn = 1, b−1ab = ar〉,
where the triple (m,n, r) satisfies the conditions
gcd(m,n) = gcd(m, r − 1) = 1 and rn ≡ 1 (modm).
It is clear that |ZM(m,n, r)| = mn. The subgroups of ZM(m,n, r) have been
completely described in [1]. Set
L =
{
(m1, n1, s) ∈ N
3 | m1|m, n1|n, s < m1, m1|s
rn − 1
rn1 − 1
}
.
Then there is a bijection between L and the subgroup lattice L(ZM(m,n, r))
of ZM(m,n, r), namely the function that maps a triple (m1, n1, s) ∈ L into
the subgroup H(m1,n1,s) defined by
H(m1,n1,s) =
n
n1⋃
k=1
α(n1, s)
k〈am1〉 = 〈am1 , α(n1, s)〉,
where α(x, y) = bxay, for all 0 ≤ x < n and 0 ≤ y < m. We can easily check
that
|H(m1,n1,s)| = exp(H(m1,n1,s)) =
mn
m1n1
,
2
and so
ϕ(H(m1,n1,s)) 6= 0 if and only if H(m1,n1,s) is cyclic.
This shows that
S(G) =
∑
H∈C(G)
ϕ(H) = |G|,
completing the proof.
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